The framework of exceptional field theory is extended by introducing consistent deformations of its generalised Lie derivative. For the first time, massive type IIA supergravity is reproduced geometrically as a solution of the section constraint. This provides a unified description of all ten-and eleven-dimensional maximal supergravities. The action of the E 7(7) deformed theory is constructed, and reduces to those of exceptional field theory and gauged maximal supergravity in respective limits. The relation of this new framework to other approaches for generating the Romans mass non-geometrically is discussed.
maximal supergravity in its own right, massive IIA should posses an associated EGG capturing its degrees of freedom and local symmetries in the same fashion as for the massless type II theories. It is therefore natural to expect that such a generalised geometry would descend from EFT after choosing some specific solution of the section constraint. On the other hand, solutions of the section constraint in EFT have been classified and are known to exclusively correspond to the massless type II and eleven-dimensional supergravities [14] [15] [16] [17] [18] . It thus seems that some violation of the section constraint is needed in order to reproduce the Romans mass. In the context of double field theory (DFT), the Romans mass was implemented by allowing a Ramond-Ramond (RR) potential to depend on a non-geometric (winding) coordinate [19] , thus again suggesting that a similar scenario should take place in EFT. In this case, however, there would be no direct relation with an EGG for massive IIA in ten dimensions. This paper provides a solution to this puzzle and, in doing so, unveils an extension of the EFT framework.
The Romans mass m R has always manifested itself as a deformation parameter in any construction related to type IIA. This is the case, for instance, for the supersymmetric AdS vacua of [20] [21] [22] . When considering dual holographic models, the Romans mass translates into a deformation of the field theory in the form of a Chern-Simons term with level k given by k/(2πl s ) = m R [23, 24] (see also [25, 26] ). A more recent example involves the consistent reduction of the massive IIA theory on the six-sphere [24, 27] . In this case it was shown [24, 28] that, after truncation to four dimensions, the Romans mass appears as an electric-magnetic deformation parameter of the types constructed in [29, 30] and classified in [31, 32] . These results suggest that, in order to embed the massive IIA theory in EFT, one should investigate the possible deformations of the latter.
In this paper, we will show that EFT does admit consistent deformations which still allow for ten-and/or eleven-dimensional solutions of the section constraint. For one of these deformations, there exists a purely geometric ten-dimensional solution which precisely corresponds to massive IIA supergravity, and thus defines as a byproduct the associated EGG. This new deformed EFT framework endows massive IIA supergravity with the same geometrical and group-theoretical tools so far exclusive to the massless theories.
We now present a brief summary of the structure of the deformed EFT framework. EFT is based on an 'external' spacetime and an 'internal' extended space with coordinates x µ and y M , where µ = 0, . . . , D − 1 , M = 1, . . . , dim R v and R v denotes the E n(n) representation of the vector fields in the theory (see Table 1 ). Internal generalised diffeomorphisms act on fields by means of a generalised Lie derivative L Λ . While all fields and parameters formally depend on the full set of coordinates (x µ , y M ) , the dependence on the internal coordinates is ultimately restricted to a physical subset by the section constraint is a specific E n(n) × R + invariant tensor [16] . After choosing a maximal solution of this constraint, EFT effectively reduces to eleven-dimensional or type IIB supergravity in a D + n or D + (n − 1) dimensional split, respectively. Such a split of the physical coordinates into the D-dimensional external spacetime and the n-or (n−1)-dimensional Table 1 : Relevant E n(n) representations for the vector fields A µ M and the X deformation [40] .
internal space explicitly breaks the Lorentz covariance of the eleven-or ten-dimensional theory but does not truncate any of its degrees of freedom. The generalised Lie derivative then encodes the ordinary internal diffeomorphisms and p-form gauge transformations of the physical theory in the corresponding dimensional split. The central result of this work is the construction of 'X deformed' exceptional field theories (XFT's) based on the following modification of the generalised Lie derivative by non-derivative terms
where X M turns out to be E n(n) Lie algebra valued. In particular, it takes the form (X M ) N P ≡ X M N P when acting on a field in the R v representation. Closure of the deformed generalised Lie derivative (1.2) and consistency of the tensor hierarchy require X to be restricted to a specific E n(n) representation (see Table 1 ) and to satisfy a quadratic constraint in analogy with the constraints appearing in gauged maximal supergravity [33] [34] [35] [36] [37] [38] [39] . Furthermore, an additional constraint involving both X and ∂ M must be imposed
This 'X-constraint' can be interpreted as a compatibility condition between the X deformation and the y M dependence of the fields and parameters. Together with the section constraint (1.1) these conditions guarantee the consistency of the algebra of internal generalised diffeomorphisms and, ultimately, of the whole XFT. For specific choices of X , (1.4) is still compatible with solutions of the section constraint (1.1) that preserve n or (n − 1) internal coordinates. The resulting XFT's ultimately describe three types of eleven-and ten-dimensional maximal supergravities:
• 11-dimensional and massless type IIA supergravities with background fluxes.
• Type IIB supergravity with background fluxes.
• Massive type IIA supergravity with background fluxes.
The latter case is a genuine result of XFT. Indeed, the massive IIA supergravity, which cannot be described in EFT without violating the section constraint, now admits a geometric description using the XFT framework. The background fluxes can be reabsorbed in the dynamical fields of the theory without violating the section constraint. This is however not possible for the Romans mass. As a result, the EGG of type IIA supergravity admits two inequivalent generalised Lie derivatives corresponding to the massless and massive theories, respectively 1 . It will also be shown how the XFT describing massive IIA can be related to a non-geometric extension of EFT, thus making contact with the DFT construction in [19] .
The outline of the paper is as follows. In Section 2 we review the main features of EFT and its generalised Lie derivative. From this formalism we reproduce the gauge transformations of the massless IIA theory and argue that a deformation of the generalised Lie derivative is needed in order to account for the gauge transformations in the massive case. In Section 3 we present the general structure of the X deformation, show that it contains the Romans mass parameter and classify deformations of the SL(5) EFT compatible with ten-or eleven-dimensional solutions of the section-and X-constraints. In Section 4 we present the bosonic action, tensor hierarchy and transformation rules for the E 7(7) XFT. In Section 5 we discuss the relation between XFT and a certain, possibly non-geometric, extension of EFT. We also comment on the construction of internal covariant derivatives. We finally discuss some applications of our results in Section 6.
Exceptional field theory and type IIA supergravity
Exceptional field theories (EFT's) embed the eleven-dimensional and massless type II supergravities in a unified framework, which renders the structure of their hidden exceptional symmetries manifest and captures the generalised geometries underlying them. More concretely, the spacetime of eleven-dimensional supergravity is decomposed into a D dimensional 'external' spacetime and an n = 11 − D dimensional 'internal' space, without performing any truncation of degrees of freedom. The internal diffeomorphisms are then extended to generalised diffeomorphisms accounting also for internal gauge transformations of the three-and six-form potentials (and of the dual graviton in D = 4, 3). A similar situation occurs for the D + (n − 1) dimensional split of the massless type II supergravities. The set of internal coordinates is then extended to y M , M = 1, . . . , dim R v , to complete the representation of E n(n) , which can be regarded as conjugate to the internal momenta and half-BPS charges of the theory [14, 41] . A section constraint is imposed for consistency, restricting the coordinate dependence of fields and gauge parameters to a subset of the internal coordinates. As long as one does not commit to a specific solution of this constraint, EFT can be regarded as being (formally) invariant under global E n(n) × R + transformations. The embedding of the original ten-and eleven-dimensional supergravities is recovered by choosing the appropriate solution of the section constraint. The generalised Lie derivative and other structures in EFT then reproduce (locally in a coordinate patch) the exceptional generalised geometry associated with the corresponding supergravity theory.
In their latest formulations, EFT's have been constructed in any D ≥ 3 [1] [2] [3] [4] [5] [6] [7] following a prescription that mimics the structure of the maximal supergravities in the corresponding dimension [33] [34] [35] [36] [37] [38] [39] . In both the EFT's and the maximal supergravities, internal and spacetime symmetries completely specify the field content as well as its interactions in an elegant and unambiguous manner. In this section we introduce the basics of the EFT's which we will be extensively using. We will focus on D ≥ 4 throughout this paper.
Generalised diffeomorphisms
EFT fields depend on spacetime coordinates x µ , µ = 0, . . . , D − 1, and extended internal coordinates y M . The fields and gauge parameters of the theory are arranged in objects that transform consistently under a set of exceptional generalised diffeomorphisms. On covariant objects generalised diffeomorphisms act with a generalised Lie derivative L Λ . For instance, the action of
where
, and ω = 1/(D − 2) . All parameters of generalised diffeomorphisms carry weight ω . Consistency of the generalised diffeomorphisms requires the algebra of the generalised Lie
where the so-called E-bracket for parameters Λ and Σ is defined as
3)
The requirement (2.2) translates into a set of conditions [16] which severely restricts the dependence of the fields and parameters in the EFT on the generalised coordinates:
4) The first condition in (2.4) is usually referred to as the section constraint. We will always impose that it holds on any combination of fields and/or parameters, including derivatives and products. As a result, the section constraint restricts all objects in the EFT to depend only on a subset of the internal coordinates. The other equations in (2.4) then follow from the section constraint for all the E n(n) EFT's [16] .
The E-bracket in (2.3) fails to satisfy the Jacobi identity:
The transformation rule for a covariant tensor VM is deduced by requiring that the contraction S = U M VM transforms as a scalar density of weight λU + λV . The transformation rule for tensors follows immediately.
This fact plays a central role in the construction of EFT's, as it requires the introduction of a hierarchy of p-form fields and gauge transformations [1] [2] [3] [4] 42] similar to the one of gauged supergravities [43, 44] , in order to guarantee invariance of the equations of motion under generalised diffeomorphisms. For vectors of weight ω, one finds that the symmetric bracket {Λ, Σ} E , reads
Consistency of the EFT tensor hierarchy then follows from the fact that, upon using the section constraint, {Λ, Σ} E is a trivial gauge parameter, namely, L {Λ,Σ} E vanishes identically.
Covariance under internal generalised diffeomorphisms with parameters dependent on spacetime coordinates x µ requires the introduction of appropriate covariant derivatives and associated connections [42] ∂
where A µ M (x, y) are the vector fields of EFT. The requirement that D µ is covariant fixes the transformation properties of A µ M up to the addition of trivial gauge parameters. It is customary to choose
Making use of the fact that {Λ, A µ M } E is a trivial parameter, we can also give a different expression for δ Λ A µ M which will be convenient in the following section:
The difference between any two choices of δ Λ A µ M is absorbed into the gauge transformations associated with the two-forms of the EFT tensor hierarchy. The specifics of these tensor hierarchies depend on the dimension D , although a systematic treatment has been recently developed in [45] . We will discuss the D = 4 case thoroughly in Section 4.
Massless IIA gauge transformations from EFT
In order to make contact with the eleven-dimensional and massless type II supergravities, it is necessary to pick a specific solution of the section constraint in (2.4). As preparation for the implementation of the Romans mass as a deformation parameter, here we will briefly exemplify how to recover the gauge transformations of ten-dimensional massless IIA supergravity from those of EFT. Let us start by introducing the massless gauge transformations of the IIA ten-dimensional p-form potentials AM , AMN and AMNP . These are specified by gauge parameters λ , ΞM and θNP = −θPN , whereM ,N , . . . are ten-dimensional spacetime indices, and take the form (we follow the conventions of ref. [46] )
For the sake of concreteness, we will consider a 7 + 3 dimensional split of the fields and parameters of the ten-dimensional type IIA supergravity. The p-forms of type IIA supergravity are decomposed in scalars, vectors and so on after appropriate Kaluza-Klein (KK) like redefinitions which are needed to achieve covariance under the seven-dimensional external diffeomorphisms. All fields and gauge parameters still depend on the ten-dimensional coordinates x µ , y α with µ = 0, . . . , 6 and α = 1, 2, 3 . For instance the D = 7 vectors arising from the ten-dimensional p-form potentials can be written as
where B µ α are the KK vector fields coming from the metric. It is convenient to perform a second set of non-linear redefinitions 3
After some algebra manipulations it can be shown that, under (2.10), these vectors transform as follows under internal diffeomorphisms with parameter ξ α and internal gauge transformations with parameters λ , Ξ α , θ αβ :
(2.13)
The 7 + 3 dimensional split we have adopted to describe the massless IIA supergravity can be compared with the D = 7 EFT, based on E 4(4) ≡ SL(5) [6, 15, 17] . 14) and the section constraint reduces to
There are two inequivalent solutions of (2.15) (up to SL(5) transformations [17] ) corresponding to M-theory (more precisely, eleven-dimensional supergravity) and type IIB:
M-theory: ∂ α4 = 0 , ∂ 45 = 0 and ∂ α5 = ∂ αβ = 0 , type IIB:
3 Similar redefinitions were discussed in refs [27, 47, 48] . 4 The entries in Y mn pq rs tu are 0, ±1 . Therefore, whenever an index pair mn is contracted, a factor of 1 2 must be explicitly included.
The massless IIA case is obtained by further restricting to only three coordinates in the M-theory solution. We will set ∂ 45 = 0 .
The SL(5) EFT contains 10 ′ vector fields A µ M ≡ A µ mn that transform under a generalised diffeomorphism as in (2.9) . Using the massless IIA solution of the section constraint (∂ α4 = 0), we can identify the field content and gauge parameters of the supergravity theory with those of the EFT:
After imposing the massless IIA solution of the section constraint, an explicit computation of the vector field transformations directly from (2.9) reproduces (2.13). A similar analysis can be repeated for the other types of fields like the scalars or the two-and three-form potentials. However, the vector gauge transformations are enough for our purposes in the next section.
Massive IIA gauge transformations from a deformed Lie derivative
Let us now look at the gauge transformations of the ten-dimensional massive IIA supergravity also in the 7 + 3 dimensional split. After performing the field redefinitions (2.11) and (2.12), the internal gauge transformations are modified by the Romans mass m R , yielding
Note that the extra terms in (2.18) compared to (2.13) do not contain internal derivatives. This poses an obstruction to recovering such variations from a standard EFT/generalised geometry Lie derivative like (2.1), whose terms always contain derivatives of either the gauge parameter or the field it acts on. However, the fact that massive IIA supergravity is a geometrically well-defined theory means that an exceptional generalised geometry describing it should still exist. This suggests that the solution to the above obstruction is to implement m R as a deformation of L Λ , thus modifying the notion of covariance in the exceptional generalised geometry associated with type IIA supergravity. The procedure we follow to deduce this deformation is the converse of what we discussed in the previous section: we still use the dictionary (2.17) for the SL(5) EFT, but we now repackage (2.18) into an expression
where L Λ accounts for m R and reduces to the standard EFT Lie derivative in the limit m R → 0 . We stress that vector fields transform faithfully under internal generalised diffeomorphisms, so that by covariance this procedure uniquely identifies the deformation induced by m R for every other field, too. The resulting deformed Lie derivative reads 20) where the second term in the r.h.s of (2.20) is specified by an X deformation of the form
with non-vanishing entries given by 22) and where ǫ αβγ is the Levi-Civita symbol in three dimensions with ǫ 123 = +1 . Note at this point that equations (2.21) and (2.22) correspond to the embedding tensor of the gauged maximal supergravity induced by a three-torus compactification of massive IIA supergravity 5 . Consistency requirements like closure of L will follow from consistency of the original massive IIA theory, at least as long as we restrict to the solution of the section constraint that corresponds to the type IIA theory. As we shall see, however, the structures unveiled in this section can be immediately generalised to other dimensions as well as to generic X deformations. Therefore we will discuss consistency of the deformed EFT's in a more general setting in the next section, to later come back to the case of the Romans mass.
Deformations of exceptional field theory
Motivated by the Romans mass deformation of the SL(5) EFT found in the previous section, we move to investigate general deformations of EFT. In this section we will focus on the structure of generalised diffeomorphisms and discuss their closure and consistency conditions.
Some notions of gauged maximal supergravity
It will be useful for our purposes to first review a few basic aspects of the embedding tensor formalism of gauged maximal supergravities. An incomplete list of references dealing with gauged maximal supergravities in d = 4, 7, 9 dimensions includes refs [34, 37, 39] .
The gauge group of a gauged maximal supergravity in D dimensions must be a subgroup of E n(n) , where n = 11 − D . This is the global exceptional symmetry of the ungauged theory. We will exclude in our discussion the gauging of the R + trombone symmetry of maximal supergravities [49, 50] . The supergravity Lagrangian and symmetry variations are entirely specified by an embedding tensor Θ M α , where α is an E n(n) adjoint index and M is in the R v representation. Equivalently, introducing E n(n) generators [t α ] M P , we can construct an object with R v indices only
The reduced theory is a seven-dimensional gauged maximal supergravity with three vectors Aµ αβ spanning an abelian R 3 gauging specified by the three commuting generators t which captures the same information as Θ M α . 6 Despite its name, the embedding tensor should be taken as a fixed object, which therefore explicitly breaks the global E n(n) symmetry in order to gauge a subgroup. Its variations under diffeomorphisms, gauge transformations and supersymmetry all vanish by definition. However, it is often convenient to regard X M N P as a spurious object, which is allowed to transform under E n(n) together with the fields of the theory, thus obtaining a formally E n(n) covariant treatment of gauged maximal supergravity. A set of quadratic and linear constraints must be imposed on the embedding tensor for consistency of the gauged theory. The quadratic one
ensures closure of the gauge algebra and requires that the embedding tensor, when regarded as a spurious object, is invariant under the gauge transformations it defines. The linear constraint is required both by supersymmetry and, at the bosonic level, by imposing that the hierarchy of p-form fields induced by the gauging is consistent with the representation content and counting of degrees of freedom of the ungauged theory. In practice, the linear constraint restricts the embedding tensor to specific irreps (denoted by R X in Table 1 ) contained in the tensor product of R v and the adjoint representation
Deformed generalised Lie derivative
Motivated by our discussion of the internal gauge variations of massive IIA supergravity, we will now consider generic deformations of the exceptional generalised Lie derivative L Λ of the D-dimensional EFT by non-derivative terms specified by a constant object X M N P . As we will see, this object satisfies the same requirements as the embedding tensor of the D-dimensional gauged maximal supergravity: the quadratic constraint (3.2) arises from the closure and Jacobi identity for the generalised diffeomorphisms, while the linear or representation constraint (see Table 1 ) is required for consistency of the resulting hierarchy of tensor fields. We exclude deformations of the trombone type from our discussion. We thus start by introducing a deformed generalised Lie derivative which acts on vectors as
where the standard (undeformed) generalised Lie derivative L Λ is defined in (2.1). A first consistency requirement is that L Λ is compatible with the global E n(n) structure of the theory: thus X M N P must decompose just as in (3.1). We can thus say that in general
where X M is E n(n) Lie algebra valued and acts in the appropriate representation.
6 This is not necessarily true for non-maximal theories.
Closure of generalised diffeomorphisms translates in the deformed version of (2.2):
where the X-bracket [·, ·] X takes the form
Requiring (3.6) induces a new set of consistency constraints. Since Λ and Σ are arbitrary parameters, these constraints can be separated based on the number of derivatives. The twoderivative ones do not contain X M and therefore reduce to the original section constraint (2.4). An explicit computation yields
where, without loss of generality, we have already assumed (2.4) to hold. The r.h.s. of (3.8) therefore defines X-dependent conditions. The A and B terms read
Note that the first line is the antisymmetric part of the quadratic constraint (3.2). Altogether, we have the requirements
The conditions above are not yet final. Just as for the E-bracket, the X-bracket fails to define a Lie algebra as the Jacobi identity does not hold. Instead, it yields a Jacobiator
where the X-modified symmetric bracket turns out to be
Consistency of the XFT requires that the Jacobiator again corresponds to a trivial gauge parameter, namely, L {Λ,Σ} X vanishes. A direct computation shows that
and where we have used the conditions (3.10) derived from (3.8). Therefore we must impose
The first equation in (3.15) combines with the first equation in (3.10) to produce the full set of quadratic constraints in (3.2). The middle equations in (3.10) and (3.15) combine into the X-constraint X M N P ∂ P = 0 . A careful analysis of the representation content of the remaining conditions (namely, the 'B' and 'C' terms) shows that they are entirely equivalent to the X-constraint. We thus arrive at the final set of consistency conditions for the deformed generalised Lie derivative (3.5): 17) and X M must additionally satisfy the quadratic constraint in (3.2). The above conditions should be intended as acting on any field, parameter and combinations thereof. As a result, the new X-constraint (3.17) restricts the coordinate dependence to those coordinates left invariant by the E n(n) elements generated by X M . Together with the linear and quadratic constraints on X, this is the only new condition required for consistency of the deformed EFT. We should also emphasise that our notion of covariance under internal generalised diffeomorphisms is now given in terms of L , so that δ Λ T = L Λ T for any tensor T . The deformation X M N P by definition does not vary under any (internal or external) diffeomorphism and gauge transformations. Its generalised Lie derivative, instead, does not necessarily vanish. Using the constraints above one can compute
where we assign the weight λ(X) = −ω, as can be deduced by requiring that generalised Lie derivatives of tensors maintain a definite weight. We close the section by stressing again that X M N P is restricted to the E n(n) representations displayed in Table 1 for consistency of the tensor hierarchy.
Section constraint and massive IIA supergravity
Equipped with the new generalised Lie derivative L and consistency conditions derived in the previous section, we now look at specific X deformations to discuss their interpretation. We will come back to the construction of the full XFT action in Section 4 where we discuss the E 7 (7) case in detail. Starting from the M-theory solution of the section constraint (3.16), we now show how turning on the X deformation corresponding to the Romans parameter m R , to which we refer as X R , proves no longer compatible with a dependence of the fields and parameters on the M-theory coordinate as a consequence of the X-constraint (3.17). The resulting XFT will then describe the massive IIA theory. The deformation X R always corresponds to the embedding tensor obtained from reduction of massive IIA supergravity on a torus. We will also show that other solutions of the section and X-constraints compatible with X R exist and correspond to type II theories with background RR p-form fluxes T-dual to m R . For the D = 4 case, we will also find an eleven-dimensional supergravity solution. Several of these solutions would be equivalent to each other in standard EFT, as they belong to the same E n(n) orbit. However, the presence of X R breaks E n(n) to a subgroup which always contains at least an SL(n − 1)
factor, and solutions to the constraints must be classified in orbits of this subgroup only.
SL(2) × R + XFT
The EFT with (D, n) = (9, 2) features an SL(2) × R + structure and has recently been constructed in ref. [7] . The extended space has coordinates y M = (y α , y 3 ) with α = 1, 2 being a fundamental SL(2) index. The SL(2) × R + invariant Y -tensor is given by 19) and the section constraint in (3.16) reduces to ∂ α ⊗∂ 3 = 0 . There are two inequivalent solutions corresponding to M-theory and type IIB supergravity
In the context of maximal D = 9 supergravity [39, 51, 52] , the Romans mass parameter induces an embedding tensor 7 with only non-vanishing entry [X R ] 32 1 = m R . Taking it to be the X deformation in XFT and substituting it into the X-constraint (3.17) yields
As a result, any dependence on the M-theory coordinate y 1 is removed by the X-constraint (3.21) reflecting the fact that massive IIA cannot be embedded into M-theory. Using (3.21) to simplify the section constraint in (3.16) one finds ∂ 2 ⊗ ∂ 3 = 0 , which gives rise to the type IIA and IIB solutions
In the IIA solution, the X R deformation is identified with the Romans mass. In the IIB solution, the same X R deformation corresponds to turning on a RR background flux F (1) along the y 3 coordinate. The two solutions are related by a T-duality transformation
exchanging y 2 ↔ y 3 .
SL(5) XFT
The EFT with (D, n) = (7, 4) possesses an SL(5) structure and has already been discussed in Section 2.2. The SL(5) invariant Y -tensor and the section constraint, as well as its solutions, 7 The corresponding gauging is simply a shift symmetry R generated by t 
Note again that any dependence on the M-theory coordinate y 45 as well as on the 'brane coordinates' y α5 is killed by the X-constraint (3.24). Substituting (3.24) in the section constraint (3.16) produces ǫ αβγ ∂ α4 ⊗ ∂ βγ = 0 , which gives rise to the 'natural' type IIA and IIB solutions i) ∂ α4 = 0 , ∂ αβ = 0 (type IIA) and iv) ∂ αβ = 0 , ∂ α4 = 0 (type IIB) , (3.25) together with two more solutions (with
In the IIA solution i), the X R deformation is identified with the Romans mass. In the IIB solution ii), it corresponds to a RR background flux F (1) along the single coordinate y αβ . In the IIA solution iii), it maps to a RR background flux F (2) along the two coordinates (y αβ , y γα ) . Finally, in the IIB solution iv), the X deformation corresponds to a RR background flux F (3) . The four solutions are connected via a chain of T-duality transformations
where T γ exchanges y γ4 ↔ y αβ , with α = β = γ.
The EFT with (D, n) = (4, 7) features an E 7(7) structure and the coordinates y M of the extended space transform in the 56 fundamental representation. The E 7(7) invariant Y -tensor reads [16] 
(3.29) 8 We use the NW-SE conventions of ref. [2] 
Branching now the SL(8) index with respect to SL(7) ⊂ SL(8) , namely A = (I, 8) with I = 1, ..., 7 , two solutions of (3.29) were identified in [2] (see also the discussion in Section 3.2 of ref. [54] ) which are the ordinary M-theory and type IIB solutions 9 . These are the only maximal solutions up to E 7(7) transformations [14, 18] and involve a non-trivial dependence on the extended space of the form
where we have further split I = (m, 7) and m = (α,α) with m = 1, ..., 6 , α = 1, 2, 3 and α = 4, 5, 6 . In the context of maximal D = 4 supergravity [34] , the Romans mass induces a consistent embedding tensor of the form 10
. Taking now (3.31) to be the X deformation in XFT produces an X-constraint (3.17) of the form 
Note that vii) is actually a type IIA solution embeddable into a dual M-theory solution with
The different cases in (3.33) are related by a chain of T-duality transformations, in complete analogy with what we found in other XFT's. Starting from i), where the X R deformation is 9 As a representative of the IIB solutions, we pick the one that is obtained by acting with three T-dualities upon the 'natural' IIA solution (which follows from the M-theory one after imposing ∂78 = 0). 10 The induced gauging in four dimensions is an abelian R 7 symmetry associated to the generators t I 8 ∈ SL(8) and it is spanned by the vector fields Aµ I8 [28] .
identified with the Romans mass, one finds
35) where the chain of T-duality transformations T m7 , with m = 1, ..., 6, exchanges the internal coordinates y m7 ↔ y m8 . The original Romans mass parameter gets consistently mapped into different RR p-form fluxes upon T-dualities. In the dual M-theory case, obtained by oxidation of IIA with F (6) , the X R deformation corresponds to the Freund-Rubin (FR) parameter [55] . 11 
Extension to other background fluxes
In the previous section we have seen how, starting from a type IIA solution of the section constraint with a non-vanishing Romans mass m R = 0 , other type II (or M-theory) background fluxes are obtained upon choosing T-dual solutions (with an extra oxidation). In these dual descriptions, the mass parameter m R gets consistently mapped into other types of flux parameters which are still compatible with the quadratic constraints (3.2), the section constraint (3.16) and the X-constraint (3.17) in XFT. It is therefore natural to wonder whether different types of fluxes can coexist in X for one choice of solution of the section constraint. This is what we investigate in this section where, for the sake of concreteness, we use again the SL(5) XFT. We will select representative M-theory, type IIA and type IIB solutions of the section constraint and find all the X deformations that solve the X-constraint without imposing further restrictions on the coordinate dependence. The structure of X deformations in SL(5) XFT parallels that of maximal D = 7 supergravity [37] . In the latter, deformations are described in terms of an embedding tensor that falls into the 15 + 40 ′ irreps of SL (5) 
with
Type IIA fluxes in SL(5) XFT
We start by selecting the type IIA solution of the section constraint in (3.25) according to which the three internal coordinates are identified with y α4 (α = 1, 2, 3) , equivalently ∂ α4 = 0 . An explicit computation shows that the most general X deformation compatible with this solution of the section constraint, as well as with the X-constraint, has (independent) non-vanishing 11 Note the difference with the SL(5) XFT discussed before for which a dual M-theory interpretation of the Romans mass was not possible. The reason is that, in the D = 7 case, the FR parameter in M-theory maps into a Neveu-Schwarz-Neveu-Schwarz (NSNS) background flux H (3) in type IIA. The latter is not related to the Romans mass via duality transformations. components of the form
SL(5)
thus accounting for 3 + 1 + 3 + 1 = 8 free real parameters. Using the dictionary between the type IIA fluxes and deformations in Table 2 , the components in (3.37) are identified with the dilaton ( H α ), NSNS three-form ( H αβγ ) and RR two-form ( F αβ ) fluxes, as well as with the Romans mass parameter 12 m R . The X deformation induced by (3.37) accounts for all the background gauge fluxes that can thread the three-dimensional internal space. However, this by no means implies that all the parameters can be turned on simultaneously as they still have to obey the quadratic constraints in (3.2). These take the form of m R H α = 0 and
38)
12 The Romans mass can be dynamically generated in a non-geometric manner (not even locally geometric in the language of ref. [56] ) by allowing the RR one-form to have a non-trivial dependence on the type IIB coordinatesỹα ≡ 1 2 ǫ αβγ y βγ associated with∂ α ≡ 3 ′ (1,−1) (see Table 3 ). Using representation theory one finds
As discussed in ref. [19] in the context of DFT, the dependence onỹα would violate the section constraint and, in order to recover massive IIA, one would have to explore the non-geometric side of the EFT's where the fields pick up a dependence on physical and dual coordinates at the same time. We elaborate on this non-geometric approach in Section 5.
SL(5)
) ∂α γ 0 and correspond to the flux-induced tadpole cancellation conditions in absence of O8/D8 and O6/D6 sources, respectively. Solving the quadratic constraints (3.38) yields two families of X deformations, equivalently, consistent XFT's. The first one is a six-parameter family of XFT's specified by the two conditions 39) whereas the second one is a four-parameter family of XFT's specified by the four conditions
As a result, the dilaton flux H α and the H (3) flux on the one hand, and the Romans mass parameter m R on the other cannot be turned on simultaneously.
M-theory fluxes in SL(5) XFT
The same analysis can be performed for the M-theory extension of the type IIA solution in (3.25) . In this case, the four internal coordinates y i of the eleven-dimensional supergravity are identified with y α4 and y 45 , the latter being the M-theory coordinate. The most general X deformation compatible with the X-constraint has a unique non-vanishing component given by 41) and is identified (see Table 2 ) with the Freund-Rubin parameter [55] . This parameter corresponds to a purely internal background for the field strength of the three-form potential of eleven-dimensional supergravity and is compatible with the quadratic constraint in (3.2). Therefore, there is a one-parameter family of XFT's that describes such eleven-dimensional backgrounds with an f FR flux.
Type IIB fluxes in SL(5) XFT
Lastly there is the type IIB case in (3.25) where the three internal coordinates are identified withỹ α ≡ 1 2 ǫ αβγ y βγ , equivalently,∂ α = 0 . The most general X deformation satisfying the X-constraint is compatible with the SL(2) symmetry (S-duality) of the IIB theory and has (independent) non-vanishing components of the form SL(2)-doublet :
accounting for 2 × 1 + 3 × 3 = 11 free real parameters. Using the dictionary between type IIB fluxes and deformations in Table 3 , one identifies an SL(2)-doublet of RR ( F αβγ ) and NSNS ( H αβγ ) three-form fluxes 13 . In addition, there is also an SL(2)-triplet of one-form deformations 14 (F α , H α ,F α ) . The latter account for an internal dependence of the type IIB axion-dilaton and can be dualised into nine-form fluxes for the SL(2)-triplet of RR eight-form potentials of the IIB theory [58, 59] . The computation of the quadratic constraints in (3.2) for the type IIB fluxes in (3.42) produces the set of relations 13 See also ref. [57] for a discussion on generalised fluxes in SL(5) EFT. 14 In the 'gauge-unfixed' approach of ref. [56] , one may consider an additional scalar γ0 ≡ 1
) . Using again representation theory, one findŝ
which includes two different types of contributions. In the language of ref. [56] , the first term in the r.h.s. corresponds to a locally geometric way of generatingF α by turning on a flux for the spurious scalar γ0 . The second term is generated when the NSNS two-form potential depends on the dual coordinatesŷ α , namelŷ ∂ β B βα = 0 , with∂α ≡ 3 (1, 1) . Note that these are not the type IIA coordinates (see Table 2 ). This case is analogous to what happens in type IIA for the Romans mass and produces anF α flux which is not even locally geometric, thus violating the section constraint in EFT.
D) and standard p-form gauge fluxes (whenever permitted by D) in type IIA iii) the SL(2)-triplet of one-form deformations (any D) as well as standard p-form gauge fluxes (whenever permitted by D) in type IIB. In order to specify a consistent XFT, the resulting X deformation must still be supplemented with the quadratic constraint (3.2). This can be translated into tadpole cancellation conditions requiring the absence of sources of supersymmetry breaking. A last remark concerns the incompatibility of the X-constraint with the presence of a metric flux ω of the Scherk-Schwarz (SS) type [60] . Suppose that it was possible to introduce ω in XFT while allowing fields to depend arbitrarily on ten or eleven physical coordinates after solution of the X-constraint. The resulting X-deformation would modify the action of ordinary internal diffeomorphisms rather than that of p-form gauge transformations, which is not possible. Consistently, we find that the X-constraint actually excludes metric fluxes.
Dynamics of E 7(7) XFT
In this section we illustrate the generic features of the deformations introduced in Section 3.2 by constructing explicitly the gauge invariant E 7 (7) XFT. While the field content of the theory remains identical to the one of E 7(7) EFT, changes occur at the level of the tensor hierarchy and in the action due to the presence of the X deformation. We refer to Section 3.3 for a detailed discussion of the section constraint of the E 7(7) XFT. We present below some specifics of the deformed E 7(7) generalised diffeomorphisms, followed by the tensor hierarchy and the full bosonic action. The latter consistently reduces to the action of D = 4 gauged maximal supergravity when all fields are taken independent of the 56 exceptional coordinates y M , and to the one of the E 7(7) EFT when the X deformation is turned off. Finally, when fixing X to (3.31) and choosing an appropriate solution of the section and X-constraints (see (3.33)), one recovers the bosonic sector of massive type IIA supergravity in a 4 + 6 dimensional split. The results of this section are in parallel with those of ref.
[2] to which we refer for an in-depth discussion of the E 7(7) EFT dynamics.
Modified Lie derivative and trivial parameters
The expression of the E 7(7) invariant Y -tensor is given in (3.28). Both the E 7(7) generators [t α ] M N and the symplectic form Ω M N are invariant under the deformed generalised Lie derivative (3.5). For E 7(7) the distinguished weight to be introduced in (2.1) is ω = 1 2 . The section constraint decomposes into two irreducible pieces in the 1 + 133 irreps:
We will use the shorthand notation (P 1+133 ) M N ∂ M ⊗ ∂ N = 0 to reflect these two constraints. As explained previously, the X deformation satisfies the same linear and quadratic constraints as the embedding tensor in gauged maximal supergravity [34] . The linear constraints in D = 4 read
and restrict X to belong to the 912 representation. Consequently, the quadratic constraint (3.2) can be rephrased as
The deformed EFT requires to impose the section-and the X-constraint (3.16). In D = 4 the latter can be decomposed into the 133 + 1539 irreps, corresponding to X (M N ) P ∂ P and
P ∂ P respectively. Using representation theory it is possible to find other equivalent ways to express these constraints. Two such expressions are particularly useful 4) and correspond to the 133 and 1539, respectively. The construction of the E 7(7) XFT tensor hierarchy relies on the form of certain trivial parameters appearing in the symmetric X-bracket (3.12). Specifically, for two arbitrary generalised vectors of weight ω we have
Both lines of (4.5) are trivial parameters provided all fields satisfy the section constraint and the symmetric part of the X-constraint (3.17). This ensures that the Jacobi identity for L is satisfied. More generally, the following generic parameters do not generate generalised diffeomorphisms:
for arbitrary χ α . The intertwining tensor Z M,α is constructed from X M N P making use of the linear constraint:
Similarly to the EFT case, χ M is covariantly constrained in the sense that it must itself satisfy the section constraints
where P 1+133 denotes the projector onto the 1 ⊕ 133 representation of the 56 ⊗ 56 . In XFT, the field χ M is further covariantly constrained by 10) or equivalently by Ω M N Θ M α χ N = 0 . The importance of the covariantly constrained parameters (4.7) will become apparent when constructing the tensor hierarchy.
Yang-Mills sector and tensor hierarchy
Analogously to EFT, we introduce an external derivative which is covariant under modified internal generalised diffeomorphisms
Covariance determines the variation of A µ M to be 12) where the equivalence holds up to the addition of a trivial gauge parameter, to be reabsorbed in other gauge transformations higher up in the tensor hierarchy. This is completely in line with the situation for the undeformed EFT. Following the construction of the tensor hierarchy in the original EFT's, we first define the field strength for the vector fields A µ M as
Since the Jacobiator of the X-bracket does not vanish, the above expression does not transform covariantly under generalised diffeomorphisms. The procedure to restore gauge covariance is analogous to those of gauged supergravity and EFT. In fact, it turns out to be a superposition of the two cases. We define a modified field strength by introducing the two-form fields B µν α and B µν M in the form of the two trivial parameters (4.6) and (4.7)
where B µν K is a covariantly constrained field as in (4.9) and (4.10). Note that this construction only deviates from EFT by the term proportional to Z M,α , which is precisely the one needed to make contact with gauged supergravities when all the fields are taken to be y M -independent. It is easy to verify that, since F µν M only differs from F µν M by a trivial parameter, we have
Using the explicit expression for the symmetric X-bracket (4.5), the general variation of the modified field strength (4.14) now reads 16) where, as in EFT, we have defined
We define the vector gauge variations of the two-forms as follows 15 :
Substituting the above variations back in (4.16) and making use of (4.5) and (4.15) yields 19) which shows that F µν transforms covariantly. On top of the generalised diffeomorphisms (i.e. vector gauge transformations), the field strength (4.14) is invariant under tensor gauge transformations associated with the two-forms 20) where the tensor gauge parameters Ξ µ α and Ξ µ M carry weight 1 and 1 2 , respectively. For an arbitrary generalised vector W α in the adjoint of E 7(7) with weight λ ′ , the deformed generalised Lie derivative acts as follows:
where we have used the definition (3.5) and the relation between the generators in the adjoint and the structure constants [t γ ] α β = −f γα β . In order to verify the invariance of the field strength under tensor gauge transformations, it is necessary to study the following expression in terms of a covariant object W α :
Under generalised diffeomorphisms, it transforms as
where T M carries weight λ(T M ) = (λ ′ − 1 2 ) . As in ref. [2] , in order to cancel the non-covariant terms in the first line, a compensating field W M subject to the covariant constraints (4.9),(4.10) is introduced such that the combination
transforms covariantly with λ(T M ) = 1 2 provided that λ ′ = 1. This is ensured only if the compensating field transforms under generalised diffeomorphisms as 25) where λ(W M ) = 1 2 . Note that (4.25) preserves the covariant constraints (4.9) and (4.10) by virtue of the section constraint (3.16) and the X-constraint (3.17). With the observation that structures of the form (4.24) transform covariantly, it becomes straightforward to verify the invariance of the field strength under both tensor gauge transformations.
The field strengths H µνρ α and H µνρ M associated to the two-forms are defined through the Bianchi identity 
Bosonic action
In analogy with ref. [2] , the full dynamics of the theory can be encoded into an E 7 (7) covariant (pseudo-)action supplemented by a first-order duality equation for the 56 gauge fields 27) where e denotes the determinant of the vierbein and M M N is the scalar matrix parameterising the coset space E 7(7) /SU (8) . This ensures that only half of the vectors are independent. The field equations can be conveniently derived by varying the following gauge invariant pseudo-action, and subsequently imposing (4.27):
.
For the purpose of this paper we shall always assume that integration over the internal space is actually performed only on the physical coordinates after choosing a solution of the section constraint, so that global integration over the internal manifold is well defined. While the general form of the action matches the one of EFT, the differences with the latter lie in the expressions of the field strengths, the covariant derivatives and the 'scalar potential' which explicitly depend on the X deformation. As in EFT, the XFT action is uniquely determined by requiring gauge invariance under the bosonic symmetries. More specifically, each term in (4.28) is invariant under internal generalised diffeomorphisms while the relative coefficients are fixed by external diffeomorphisms.
In what follows we discuss the invariance of the different terms under vector (i.e. generalised diffeomorphisms) and tensor gauge transformations. In the forthcoming computations we will consistently drop all the vector gauge transformations of scalar density of weight 1. Indeed, these take the form of boundary terms in the extended space.
The kinetic terms: The first term in the action is the Einstein-Hilbert term. As in EFT, it is built from a modified Riemann tensor 29) where the curvature of the four dimensional spin connection ω µ ab reads
The second term in (4.29) has been added in order for the modified Riemann tensor to transform covariantly under the four dimensional local Lorentz transformations acting on the spin connection as δ λ ω µ ab = −D µ λ ab . The spin connection can in turn be expressed via Cartan's (covariantised) first structure equation in terms of the vierbein e µ a which is an E 7(7) scalar of weight 1 2 . Consequently, the spin connection and the Riemann tensor both carry weight 0. Furthermore, using the section constraint and the X-constraint, it is straightforward to show that the internal derivative of an E 7(7) scalar S of weight λ(S) transforms under vector gauge transformations as
Hence, the modified Riemann tensor does not transform covariantly due to the second term in (4.29). The non-covariant part of the variation vanishes when contracted with vierbeine and therefore, the modified Ricci scalarR(X) is a scalar of weight 0. This proves the invariance of the XFT Einstein-Hilbert term under gauge transformations. The second and third term in (4.28) are respectively the kinetic terms for the scalars and the vector fields. They only differ from the ones in EFT by the implicit presence of the X deformation. The scalar matrix M M N is a tensor of weight 0 while F µν N carries weight The topological term: Following ref.
[2], we present the topological term as a surface term in five spacetime dimensions 32) where once again the difference with EFT lies in the definition of the field strength and the covariant derivative. Although this term is manifestly gauge invariant, its general variation is needed to derive the field equations for the vectors and two-forms
This requires to use the Bianchi identity (4.26) and the fact that for any three vectors of weight 1 2 the following identity holds
The X-dependent part of the l.h.s. vanishes using (4.2), and hence the identity takes the same form as in EFT. Using these results one can explicitly verify that (4.33) vanishes for vector and tensor gauge transformations.
The potential: The scalar potential of XFT takes the following form:
where the scalar potential of EFT is independent of the X deformation 36) while the parts exclusive to XFT are
and
The full potential boils down to the one of EFT when the X deformation is set to zero. Additionally, it precisely reduces to the potential of gauged maximal supergravity (4.37) when the fields are taken to be y M -independent. 16 The term in (4.38) is a purely novel feature as it is absent in both EFT and gauged maximal supergravity. We finally give a few guidelines on the construction of the XFT potential. The various terms and coefficients in (4.35) are uniquely determined by requiring invariance under vector gauge transformations up to boundary terms, while each term is manifestly invariant under tensor gauge transformations. Throughout the computation, one has to repeatedly make use of the section constraint, the linear (or representation) constraint and the X-constraint. The starting point is the variation of the EFT potential under vector gauge transformations which can easily be computed using (4.31) and
where λ(∂ M M KL ) = 1 2 . After the cancellations described in ref. [2] , the only non-covariant variations remaining are the ones depending (linearly) on the X deformation. In order to cancel them, one needs to add counterterms to the potential which are of first order in the derivatives and the X. The only term 17 of this type which does not vanish by virtue of the various constraints is (4.38). At this stage of the computation, it is important to realise that both the X and the combination M −1 XM take value in the E 7(7) Lie algebra. Consequently, the adjoint projector satisfies
16 The different normalisation of VSUGRA with respect to ref. [34] is due to the different normalisation of the Einstein-Hilbert term. 17 Up to equivalent rewriting using the linear constraint for the X deformation.
The vector gauge transformation of (4.38) also yields additional non-covariant variations which are quadratic in X. These must be cancelled by extending further the potential with counterterms quadratic in X and that do not contain derivatives. It again turns out that (4.37) are the only non-vanishing terms of this type.
Relation to EFT and (non-)geometry
The main focus of this article is to describe deformations of EFT which are able to capture the exceptional generalised geometry of massive IIA supergravity. It is interesting to note that the Romans mass was implemented in DFT non-geometrically by introducing a dependence of a RR potential on a dual (winding) coordinate [19] . This was made possible by the observation that RR fields in DFT only need to satisfy a weaker form of the section constraint in order to guarantee consistency of the theory. It is therefore natural to try to relate this construction to the XFT framework. A first obstacle is that in EFT all fields are packaged in E n(n) representations, and as a consequence it is not so straightforward to relax the section constraint on what would be the RR fields. The very distinction between NSNS and RR sectors relies on at least a partial solution of the EFT section constraint. We will find a solution to this problem in terms of a factorisation Ansatz for the fields and parameters of the EFT theory that resembles a generalised Scherk-Schwarz (SS) Ansatz [11, [61] [62] [63] , but allows to perform a controlled, potentially non-geometric extension of the coordinate dependence of fields and parameters rather than a truncation. On the one hand, a disadvantage of this approach when compared to the XFT formalism is that it requires to break the section constraint of standard EFT in order to describe massive IIA supergravity, despite the fact that the latter is well-defined and entirely geometric in its own right. For the same reason, it also becomes unclear whether the objects that are introduced in this context are globally well-defined. On the other hand, the mapping that we now discuss allows us to elucidate how EFT admits (locally) consistent extensions to section-violating configurations, in such a way that no ten-dimensional background has been fixed yet and no truncation of degrees of freedom occurs. This is in striking contrast to nongeometric Scherk-Schwarz like compactifications that aim at reproducing lower dimensional gauged supergravities. We will also discuss the transformation properties of generalised affine connections in both the XFT context and the non-geometric EFT setting we are about to introduce, as further evidence for the consistency of these frameworks.
The factorisation Ansatz
In this section we denote fields and parameters in the standard EFT theory with bold letters and the associated internal indices by A, B, and so on. We begin by introducing a factorisation Ansatz for the vectors and gauge parameters of EFT
for some invertible matrix E M A (y) ∈ E n(n) × R + . 18 With an abuse of language we will refer to E M A (y) as a frame, but we will not investigate global definiteness of the construction here.
A similar factorisation Ansatz can be straightforwardly introduced for any other covariant object in EFT. 19 Equation (5.1) resembles a Scherk-Schwarz Ansatz, however note that we do not yet commit to a specific y-dependence of V M (x, y) and E M A (y). In particular the coefficients V M (x, y) are still allowed to depend on the internal coordinates. In any case, given the consistency conditions that we will introduce shortly, one still obtains that the frame E M A (y) factorises out of any relevant EFT expression, leaving us with a theory based on the coefficient fields. If we impose the section constraint on V A (x, y) and other tensors, then V M (x, y) and E M A (y) are restricted to depend on the same set of internal coordinates, and (5.1) reduces to local field and parameter redefinitions. Instead, we will relax the constraint and impose an alternative set of conditions that guarantee (local) consistency. A Weitzenböck connection and the corresponding torsion are associated to the frame E M A as follows [62, 64] :
For the purpose of this paper we require that the induced torsion with XFT indices is constant and entirely contained in the R X representation, so that
Hence we have the identity 4) where the XFT indices are treated as spectators by the Lie derivative. This indicates that the vectors E M A give rise to a Leibnitz algebra under the EFT Lie derivative.
In order to make contact with the construction of the previous sections we need to impose a constraint on the coefficient V M (x, y) in the factorisation Ansatz. In fact, XFT contains partial derivatives ∂ M which have not appeared in EFT yet. We thus require 5) and regard this constraint analogously to the section constraint. Namely, as an algebraic equation on the set of coordinates on which V M (x, y) is allowed to depend, rather than as a differential equation. We will refer to this requirement as the E-constraint. 20 Note that in a generalised (non-)geometric SS reduction this constraint is trivially satisfied as the coefficients in the SS expansion only depend on the external coordinates (see for instance the discussion in ref. [65] in the context of DFT). If V A (x, y) satisfies the section constraint, then the E-constraint implies the X-constraint on V M (x, y), with X M N P defined in (5.3). We stress that this is no longer 18 The indices M, N, . . . should not be regarded as 'flat' in any sense. We propose the terminology 'flurved'. 19 To extend the Ansatz to fields of R + weight different from ω, one must decompose
U ∈ E n(n) , ρ > 0 and the power ℓ is related to the weight of the field. See for instance [11] . 20 There could be more general backgrounds that do not satisfy this constraint. In such a situation the connection to an XFT framework seems unclear.
guaranteed if E M A (y) introduces a violation of the EFT section condition. From now on we assume that the E-constraint has been imposed unless otherwise specified. Now consider a gauge parameter Λ A (x, y) = Λ M (x, y)E M A (y). Then direct computation shows that 6) which already reveals the structure of the underlying XFT. Closure of the EFT generalised Lie derivative is then granted if the XFT generalised Lie derivative closes, which reduces to the section-and X-constraints being imposed on Λ M and V M , but not on E M A . The factorisation property also follows for the Jacobiator, E-bracket and symmetric E-bracket, which are mapped to the corresponding expressions of the deformed theory. Let us now make the connection between EFT and XFT more precise. The factorisation Ansatz (5.1) introduces a local redundancy, because we can write
provided that V ′M still solves the section-, X-and E-constraints, and that E ′ M A satisfies (5.4) for the same X M N P . Denoting the associated infinitesimal transformation q(y) M N , the latter requirement translates into the equation
where we made use of the E-constraint. We must gauge-fix these q-transformations in order to lift the redundancy introduced in the factorisation. To this end we note that under a generalised diffeomorphism generated by Λ A (x, y) = Λ M (x, y)E M A (y) the frame transforms as we can therefore define an improved variation 10) such that if Λ A satisfies the factorisation Ansatz and the associated coordinate constraints, then δ Λ E M A = 0. 21 Now, under a generalised diffeomorphism in EFT, V M transforms as a scalar:
This implies that under the improved variation it transforms aŝ 11) which reproduces the generalised Lie derivative of the deformed theory. We can thus reconstruct the geometry of XFT from the factorisation (5.1) and the improved variations (5.10). In particular, we can define the XFT general diffeomorphism transformations from the EFT ones and from the q-transformations associated with the ambiguity in the factorisation Ansatz:
As a final remark, note that this construction can be used as a cross-check for the completeness of the action (4.28). All terms in the EFT action except for the scalar potential are built from covariant objects, so that the mapping to XFT using the factorisation Ansatz is immediate. Moreover, the decomposition of the EFT scalar potential can only yield terms with two internal derivatives and no X-deformation (matching the form of the original EFT potential), terms with one derivative and one X, and terms with no derivatives and two X. All such possible terms have already been implemented in (4.35) and their coefficients are fixed by requiring invariance under internal generalised diffeomorphisms.
Romans mass and T-dual backgrounds
Let us now specialise to the case of the Romans mass deformation X = X R . As discussed in Section 3.3, every type II internal flux T-dual to the Romans mass can be implemented in XFT in terms of the same X R deformation, by choosing different solutions of the section and X-constraints. Moreover, we saw that in D = 4 there is a further 'dual M-theory' solution of these constraints where the same X R deformation can be interpreted as a constant FreundRubin parameter. We will now show how (5.1) can be used to map the deformed generalised Lie derivative with X = X R to a certain background in EFT.
Since 
where we have temporarily suspended the distinction between EFT and XFT indices. The constant c is introduced to match the normalisation of (5.3). In the D = 9 case, there is only one coordinate entering (5.13) which is the winding coordinate y 3 from the point of view of the 'natural' (massive) IIA frame (with physical coordinate y 2 ). In the D = 7 case, the coordinates entering (5.13) are the three winding coordinates y α from the massive IIA viewpoint (with physical coordinates y α4 ). In the D = 4 case, (5.13) activates not only the six winding coordinates y m8 from the point of view of the massive IIA theory (with physical coordinates y m7 ), but further includes the seventh 'dual M-theory' coordinate y 78 . In all these cases (and in any other dimensions, too) the coordinates activated by (5.13) constitute themselves a solution of the section and X R -constraint. In other words, the frame E(y) M A specified by (5.13) satisfies these constraints itself, and the E-constraint reduces to the X-constraint. Importantly, there is no overlap between the coordinates entering (5.13) and the physical coordinates in the 'natural' (massive) type IIA solution. The Ansatz (5.13) is not unique. Denoting y * one of the y-coordinates entering E(y) M A in (5.13), one can also construct a frame that depends only on that specific y * :
(5.14)
This observation is important for the following reason. Recalling the discussion in Section 3.4, the X R deformation can be interpreted as a RR background flux (also a FR parameter in the D = 4 case) after applying T-duality transformations. In the resulting T-dual frames, the coordinate y * entering (5.14) can always be chosen so that it becomes part of the physical coordinates permitted by the section and X-constraint. As a result, the factorisation Ansatz (5.1) that maps EFT and XFT becomes purely geometric. In other words, eq. (5.1) induces nothing more than local field and parameter redefinitions in the standard EFT. Analysing its action on the EFT scalar fields, one can see that (5.1) combined with (5.14) and a solution of the constraints compatible with y * , induces a redefinition of some Ramond-Ramond p-form potential of the associated supergravity theory by a term linear in y * . The latter then induces the constant flux encoded in X R . When X R is identified with the FR parameter of elevendimensional supergravity (which is only possible in D = 4 ), the p-form potential acquiring a linear dependence on y * is the internal A (6) . The one exception to this situation is the 'natural' massive IIA frame where X R is identified with the Romans mass: there is no potential that can be redefined to introduce the constant
This translates into the fact that, when one chooses the solution of the XFT constraints corresponding to massive IIA supergravity, the physical coordinates are incompatible with any of the y-coordinates entering (5.13). Therefore, (5.1) and (5.14) necessarily introduce a non-geometric dependence of some internal RR potentials on a winding coordinate. 22 This is consistent with the picture in DFT, where a similar winding dependence is introduced for a RR potential in order to generate the Romans mass [19] . Our findings in this section, after fixing the q-transformations, can be interpreted as a generalisation of the non-geometric construction in DFT, appropriately covariantised under E n(n) and under the complete set of exceptional generalised diffeomorphisms.
Affine connections in EFT and XFT
It is natural to ask whether the modified notion of covariance introduced in XFT and/or the (possibly non-geometric) factorisation Ansatz (5.1) in EFT allow for the definition of consistent affine connections and thus, a notion of internal covariant derivative. We will provide here a positive answer both directly for XFT, and for EFT backgrounds of the form specified by (5.1). Since in both cases some modifications appear with respect to the standard transformation properties of an affine connection in exceptional generalised geometry, it is convenient to discuss the two frameworks at the same time and see, as a consistency check, that the objects in XFT also descend from the EFT embedding (5.1). We will first show that for EFT backgrounds satisfying the factorisation Ansatz (5.1) and the necessary coordinate constraints discussed in Section 5.1, it is possible to define an affine connection. First we introduce a covariant derivative acting on a vector in EFT 15) and deduce the transformation property of Γ AC B from the required covariance
This is just the standard procedure to deduce the transformation of the affine connection. The crucial requirement for (5.16) to be consistent is that the right hand side must not contain derivatives of V A . This is usually guaranteed by the section constraint, but also holds for the backgrounds under investigation. Indeed, assuming that both Λ A and V A satisfy (5.1), and making use of the X-and E-constraints on V M , we deduce
(5.17)
The last term is new and specific to the frame E M A (y) in ( 18) and D M V N satisfies the section, X-and E-constraints. In this case we can further define 19) where in the last expression EFT and XFT indices are exchanged by contraction with E A M and its inverse. The right hand side of eq. (5.18) corresponds to a covariant derivative in XFT. Let us then discuss the introduction of affine connections directly in the deformed theory. The procedure is analogous to what we have discussed so far, but now fields and parameters directly satisfy the section and X-constraint. The transformation property of Γ AB C is found to be 20) Note that this expression contains extra X-dependent terms with respect to the transformation of an affine connection in EFT in a geometric setting. This fact reflects the different notion of covariance of XFT, defined in terms of L rather than L . Eq. (5.20) can also be deduced from (5.17) by making use of the E-constraint, showing that these definitions are mutually consistent and that the EFT factorisation Ansatz reproduces the correct structures naturally defined in XFT. We now make another observation: the torsion associated with Γ M N P decomposes as that the massless IIA Ansatz for S 6 can be directly utilised on the massive theory, as was indeed done in [27, 28] . Also in the context of massive IIA, it would of course be interesting to implement in our formalism a way to reproduce the equations of motion and Bianchi identities associated with general type IIA backgrounds, where the value of the Romans mass m R is allowed to change by discrete values when crossing a D8-brane. In order to achieve this, we proceed by allowing for a non-constant rescaling of the Romans X R deformation
where M (x, y) plays the role of a spacetime-dependent Romans mass. 25 Constancy of the latter can be imposed by adding p-form Lagrange multipliers to the XFT action that enforce ∂ µ M = ∂ M M = 0 . This approach would be equivalent to the original construction of ref. [53] , if the extended coordinates y M are restricted to the massive IIA coordinates. Such a construction can be made more general by making the full X deformation x and y dependent and introducing Lagrange multipliers to enforce its constancy as well as its (linear and quadratic) constraints. This is the standard approach to derive the complete tensor hierarchy of gauged supergravities [33, 66] , and it would be interesting to investigate the consistency of such an approach in XFT where the section constraint and the tensor hierarchy must be taken into account appropriately. The study of D8-branes in XFT, especially the interpretation of the X-constraint in (3.17) as a projector into specific U-duality brane charges, might help in understanding mutually 1/2-BPS configurations [14] in the massive IIA theory. Moving now to the context of the type IIB theory, we saw in Section 3.4 that, together with ordinary p-form fluxes, all the E n(n) XFT's are compatible with an SL(2)-triplet of oneform deformations H A ≡ (F, H,F ) . These are connected to the triplet of eight-form potentials in type IIB [59] , thus becoming relevant in the study of S-duality orbits of 7-branes [58] and potentially of F-theory. An SL(2) invariant constraint guarantees that the three eight-form potentials are dual to the two scalar degrees of freedom of the IIB axion-dilaton. The XFT consistency constraints do not impose this extra requirement. Therefore it would be interesting to investigate if XFT allows to describe more general type IIB backgrounds, and clarify whether H A in XFT is entirely geometric or contains a bit of 'global non-geometry' (see discussion on γ-deformations in [56] ).
Finally there are other interesting directions which are more tangential to the content of the present paper. The first one is the construction of a supersymmetric version of the XFT's similar to the ones for the undeformed EFT's [69, 70] . The analysis of Section 5.3 suggests that there should be no obstruction in defining the K(E n(n) ) connections that are required for introducing fermions. The second one is the formal truncation of the E n(n) XFT to a deformed relates to the S 3 radius. Such a YMN determines X (S) . Adding now a generic element X R ′ in the SL(5) orbit of the X R deformation and computing the resulting quadratic constraints (3.2) for X = X (S) + X R ′ , one finds that a consistent truncation on S 3 ∼ = SO(4) SO (3) (finite R ) to a maximal D = 7 supergravity is possible only in the massless case (mR = 0). Let us emphasise again that we are assuming the same reduction Ansatz both in the massive and massless cases. 25 We can set to unit value the constant mR parameter contained in X R .
O(n − 1, n − 1) DFT. Such a deformed DFT should connect with the formalism introduced in [71] to account for non-Abelian gauge couplings in the DFT formulation of the heterotic string, except that a non-trivial O(n − 1, n − 1)-valued deformation f M N P should appear together with extra constraints (partially) reproducing the embedding tensor constraints in half-maximal supergravity. The structure of such DFT deformations must also be similar to the formalism introduced in [65] to describe dimensional reductions of DFT. The crucial difference with respect to the construction in [65] is that no truncation of the coordinate dependence is required, thus resulting in a deformation of the generalised Lie derivative of the full theory. The last question concerns the existence of an E 8(8) XFT and its relation to gauged maximal D = 3 supergravity [33] . A difference in the E 8 (8) case is the presence of an extra covariantly constrainted vector gauge parameter required for closure of generalised diffeomorphisms [3] (for an alternative approach see also [72] ). Investigating the potential implications of this new term on the X deformation goes beyond the scope of this paper. We hope to come back to these and related questions in the near future.
Note added: Shortly after this manuscript appeared on the arXiv, the preprint [73] appeared with a detailed construction of the exceptional generalised geometry for massive IIA supergravity. It reaches similar conclusions regarding sphere reductions of IIA supergravity, and further investigates alternative Ansätze for the massive theory.
